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Abstract 
Torque density is usually improved by injecting the third current harmonic for five-phase permanent magnet 
synchronous machine (PMSM). It increases the degrees of freedom of a multiphase drive. However, it also 
separates the current limitations of the motor and the transistors, respectively related to the RMS and peak values 
of the currents. These two constraints are represented by Maximum Torque Per Ampere (MTPA) strategy and 
Maximum Torque Per Peak Current (MTPPC) strategy. In this paper, these two strategies are studied and analyzed 
in order to optimize the generated torque with injection of the third current harmonic. Torque improvement 
principle and the optimizing algorithm considering two constraints are illustrated. Then, the analytical results of 
these two strategies are compared and discussed. It is shown that injecting the third current harmonic can improve 
the torque especially at flux-weakening region. Besides, compared with MTPA, MTPPC could produce higher 
torque for the same inverter current limit. 
1. Introduction 
Multiphase PMSMs have been widely studied for transport applications because of their fault-tolerant ability 
[1]. One particular feature of the PMSM with (2k+1) phases is that vector control with high torque quality can be 
achieved even with non-sinusoidal back electromotive forces (back-EMF) in transient operation. In [1]-[5] and 
[8], the first and third harmonics of currents contribute to the torque of a five-phase machine and of a nine-phase 
machine [6]. It has been shown that the third harmonic current injection may lead to high torque density of a 
multiphase machine, depending on the harmonic distribution of the back-EMF obtained by machine design. 
Besides, in order to estimate the maximum capabilities of a drive in steady states and transient operations, 
voltage and constraints must be considered during the control of multiphase PMSM. We will consider two current 
constraints for the optimization and control strategy: MTPA [2][7] and MTPPC  [9][10]. The first one maximizes 
the torque for a given RMS current, directly related to the copper losses, while the second strategy maximizes the 
torque for a given peak current, much important for the Voltage Source inverter sizing. When only the first 
harmonic of stator currents is used, the mathematical relationship between its RMS value and its peak value is 
fixed. Hence, both MTPA and MTPPC strategies result in the same torque and current values.  
However, if the first and third harmonics of stator currents are considered, the mathematical relationship 
between the RMS value and the peak value can be changed by supplying different amplitudes and phases for each 
harmonic. Consequently, each strategy will result in different drive’s behaviors. 
These different strategies could have various influences on the control performance of multiphase PMSMs. 
However, the impact on the frontiers of the torque speed characteristics has not been studied. This paper aims to 
explain the impact of the MTPA and the MTPPC strategies on the maximum torque and copper losses of a 5-phase 
PMSM when the third current harmonic is injected.  
In this paper, the improvement of torque density by adding the third current harmonics of a five-phase PMSM 
is introduced in the second section. Then the optimizing algorithms considering two constraints are illustrated in 
the third section. Section four gives and discusses the results. Section five summarizes the analysis of this paper. 
2. Studied five-phase machine and inverter  
An open-end winding (OEW) five-phase PMSM is designed and studied in this paper. This prototype has 20 
stator slots and 14 poles as presented in Fig. 1(a). The rare-earth magnets are buried in the rotor in radial disposition 
called spoke. Besides, the inverter structure of this open-end winding machine is illustrated in Fig. 1(b). The 
inductances in natural stator frame are obtained in stator natural frame by a finite element software:  
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The cyclic inductances in dq rotating frame can be calculated by  
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where the Clark transformation and Park transformation are introduced respectively 
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According to (2), the characteristics of the windings in dq rotating frame, obtained from inductances 
determined in stator natural frame by a finite element software, are listed in Table I.  
Table I: Winding characteristics. 
Parameter Value Parameter Value 	  154.8 µH  199 µH 
 96.5 µH  97.1 µH 
 159.2 µH R 0,016 Ω 
 
After analysis of the results of table I, it is will considered only three cyclic inductances L1= (Ld1+Lq1)/2= 177 
µH, L3= (Ld3+Lq3)/2= 97 µH, Lh=159µH. It can be remarked that the value of the minimum time constant among 
L1/R, L3/R, Lh/R is equal to about 6.1ms.  A PWM frequency of 10 kHz will ensure a good control of the average 





Fig. 1: Finite element model of the machine (a) and drive scheme (b). 
 
In [3], it has been shown that with MTPA strategy the optimal injection of a third harmonic of a machine 
leads to a torque.  
( ) ( )21 1 1 3 3 3 1 1 3 35 5cos cos 2 cos 3 1 cos2 2e m m m RMS m RMST p I I p rI r Iλ θ λ θ λ θ λ θ= + = + −     (5) 
Where p is the number of pole pairs, I1 and I3 are the peak amplitudes of the fundamental and the third stator 
current harmonics respectively; λm1 and λm3 are the peak amplitudes of the first and the third flux-linkage produced 
by permanent magnet respectively; θ1 and θ3 are the angles between the back-EMF harmonic and current harmonic 
respectively; r is the ratio between I1 and IRMS (r= I1/  [3]) and IRMS is a given RMS current value. 
When no constraints are imposed on current and voltage amplitudes, the optimal values for three parameters 
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E1 and E3 are the first and the third harmonics of no load back-EMF respectively.   
In Fig. 2, the no load back-EMFs and the back-EMF/Speed harmonic distribution of the studied machine are 
presented. Their shapes are clearly non-sinusoidal. The amplitude of the third harmonic is close to 22.7% of the 
amplitude of the fundamental harmonic. Considering a 5-phase machine, it allows us to generate a constant mean-
value torque using the third harmonic. Therefore, according to the amplitude of the injected the third current 
harmonic should be 22% of the fundamental current harmonic. 
(a) (b) 
Fig. 2: Back-EMF at 750rpm (a) and back-EMF/Speed harmonic distribution (RMS value) (b). 
       
Fig. 3 Torque improvement algorithm 
3. Torque Optimization algorithm  
Finite element method is an effective tool to analyze and evaluate the design of electrical machine. During 
the analysis stage, optimal stator currents should be obtained in advance and supplied into the machine. Therefore, 
 
 
a program developed on MATLAB is used to obtain the optimal current shape that generates the maximum torque 
considering MTPA and MTPPC strategies. The torque optimizing problem is stated as following. The objective 
function is  
( )
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With the voltage constraint 
( )max 60abcdeU ≤       (8) 
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For the peak current constraint 
( )max 120abcdeI ≤       (10) 
 
 The Flow chart of the optimization process is illustrated by Fig. 3. The parameters of this program are listed 
below: 
The input inductance matrix L, resistance R and the first harmonic λ1 and the third harmonic λ3 of flux linkage 
without load are obtained by a no-load finite element simulation. The optimized parameters are the amplitudes (I1 
and I3) and phases (θ1 and θ3) of the first and the third stator current harmonic. The optimizing algorithm is applied 
for the interested speed range to obtain the torque-speed characteristic. The objective function should be smaller 
than zero. If it is larger than zero, it means the machine is at generator mode. 
The chosen constraints are associated to three components of the drive: the DC source, the Voltage Source 
Inverter and the machine. The value of the DC source will impact the maximum voltage which can be imposed to 
the machine. The OEW connection allows a maximum voltage per phase Uabcde equal to the voltage of the DC 
source.  
The maximum RMS value, or the current density, which can be imposed in a machine is highly depending 
on thermal consideration. For example, we can consider that 71.4 Arms (6 A/mm²)) corresponds to steady-state 
operation (>30 minutes). As the thermal time constant constraints of transistor are less than 0.1s, the chosen peak 
value of the current Iabcde is associated to maximum allowable value 120A. If the MTPA strategy is applied, the 
corresponding stator currents can be optimized with the constraint (9). If the MTPPC strategy is considered, the 
corresponding optimal stator currents can be obtained with the constraint (10).  
4. Optimized results 
a. Impact of the third harmonic injection for MTPA strategy 
Firstly, the impact of the third harmonic injection is analyzed by the torque improvement algorithm with the 
current constraint (9). The first case (1h) is to only apply the fundamental current harmonic to optimized torque 
and the second case (1h+3h) injects the third current harmonic while the same maximum RMS value in both cases 
is considered. The results are presented in Fig. 4.  
Comparing the curves of Fig. 4 (a), it is possible to conclude that the third harmonic current injection allows 
a torque increase for the same copper losses. The torque increase is quite small at low speed (2,4%). This low gain 
is expected because the amplitudes of the third harmonic of the current and of the back-EMF are equal to 22% of 
the fundamental ones. The obtained stator current (phase a) at low speed 750rpm is illustrated in Fig. 4 (b). The 
current of the second case (1h+3h) is no longer sinusoidal. 
When the flux-weakening strategy is implemented, the torque increase overtakes 32% at 4500rpm as shown 
in Fig. 4 (a). The torque improvement at 5000rpm is over 100% because the available maximum speed is just 
4800rpm for the first case (1h). It implies that injecting the third current harmonic can increase the flux-weakening 
region for the studied five-phase PMSM. The flux-weakening strategy is needed at high speed because the peak 
back-EMF exceeds the voltage limits of the drive. At high speed, over 2500rpm for this five-phase PMSM, the 
maximum peak voltage (60V) is a major constraint. The injection of the third harmonic increases from 2 to 4 the 
number of degrees of freedom (amplitudes and phases of first and third harmonics). By shifting the phase between 
the third and first harmonics, it is possible to significantly decrease the peak voltage. The resulting peak value of 
the voltage reference is less than or equal to the voltage limit. An example at 4000rpm is presented in Fig. 4 (c). 
The current shape is different from the sinusoidal stator current. The produced voltage and back-EMF are 
illustrated in Fig. 5. It is observed that back-EMF is 90V, but the voltage is reduced to 48V.  
At last, the obtained optimal currents of these two cases are applied to the finite element model at speed 
750rpm and 4000rpm. The torques are presented in Fig. 4 (a) by the red dots (case 1) and blue dots (case 2). At 
each speed, the torque is improved by the second case which is same as the conclusion summarized by analytical 
torque optimization algorithm.  The difference is that the torques at 750rpm are smaller than the analytical results. 
 
 
Because the inductances used in the algorithm are obtained at no load which means there is no saturation. But the 




Fig. 4: Torque per speed and torque gain curves with and without third harmonic injection for a current of 
71.4Arms (a), with examples of the current shape of the phase-a obtained at 750rpm (b) and 4000rpm (c). 
 
Fig. 5: Current, Back-EMF and Reference Voltage of phase a with third harmonic injection at 4000rpm.   
b. MTPA and MTPPC strategies  
In the previous section, the RMS current is used as a constraint for the machine characterization because this 
is directly related to the machine copper losses. However, when considering the whole drive, the peak-current is 
the limitation for the transistors. This is the reason why an analysis will be carried out by not limiting the RMS 
current but the peak one. This strategy is called MTPPC.  
This analysis is only possible when the currents are composed by more than one harmonic, otherwise the 
peak and the RMS values are directly related. The chosen peak value for the MTPPC strategy is 120Â because it 
is the maximum peak-current value obtained with the MTPA strategy for the RMS current of 71.4Arms.  
During the optimization, the peak current constraint (10) is used and the results are obtained. Fig. 6 and Fig. 
7 present the maximum torque, RMS and peak current per speed curves for the both strategies. These figures 
confirm that the MTPPC strategy allows the drive to attaint higher values of torque (Fig. 6) without increasing the 
current peak value (Fig. 7 (b)). At low speed, below 1700rpm, it is possible to have 31% of torque gain for the 
same peak current, despite a loss increase of 38,6% (Fig. 7 (a)). Different from the comparison of the previous 
section, the major gain is not in the flux-weakening operation zone.  
 
 
Fig. 6: Torque per speed curves for MTPA for a RMS 
current of 71.4Arms and MTPPC for a peak value of 
120Â and torque gain percentage of MTPPC in 
comparison to MTPA. 
Fig. 7: RMS current (a) and peak-current (b) per 
speed curves for MTPA for a RMS current of 
71.4Arms and MTPPC for a peak value of 120Â.  
 
Fig. 8 shows how different the current shapes are when comparing both strategies. The major difference is 
the phase shift of the third harmonic. Roughly speaking, the peak-current value when the MTPA strategy is applied 
is the sum of the first and third harmonics amplitude. This behavior is due to the shape of the back-EMF, intrinsic 
to the machine. Due to the back-EMF distribution, the third harmonic generates much less torque than the first 
harmonic. When applying the MTPPC strategy, the third harmonic of the current will be phase-shifted of π from 
the relative back-EMF harmonic, generating then a negative torque. However, it allows to have a higher first 
harmonic, consequently a much higher torque, without overtaking the peak-current limit. 
 
Fig. 8: Current shape of the phase a for both strategies at 750rpm. 
This behavior is interesting because, in applications such as automotive traction, the higher torque values are 
usually used during the accelerations. As the duration of those accelerations are relatively short, their impact on 
machine losses is limited. Finally, torque/speed characteristics of Fig. 6 define which is the most adaptable strategy 
for each functioning point. 
Lastly, these two strategies are simulated at 750rpm and 4000rpm by finite element method. The torques are 
presented in Fig. 6 by the red dots (MTPPC) and blue dots (MTPA). The torques are larger when MTPPC is applied 
which is same as the analytical result. The saturation reduces the torques obtained by finite element method. It can 
be observed the torque is much reduced in MTPPC (12.9% at 750rpm and 4.23% at 4000rpm) than in MTPA 
(9.8% at 750rpm and 0.23% at 4000rpm). Because the peak currents are same for these strategies, but the RMS 
current are different. So higher RMS current produces more saturation. 
5. Conclusion 
The impact of the third harmonic injection on torque generation of a five-phase open-winding PMSM with 
two different strategies was studied. This third harmonic injection has been optimized in order to generate the 
maximum torque considering the current limitations of the transistors and the machine. At first, the injected third 
current harmonic could enlarge the flux-weakening region for the RMS current constraint (MTPA). Besides, the 
analysis of two constraints with injection of current harmonic allowed us to adapt the control of the drive, in order 
to increase the torque density of the drive without increasing its sizing. For the same peak current constraint, 
 
 
MTPPC could produce higher torque than MTPA. But the copper losses could also be larger because of higher 
RMS current. This control was highly relevant in an industrial context in which the sizing of the machine and the 
transistors of the inverter are defined together. A possible control for the automobile application was to apply 
MTPPC for short time such as acceleration and to use MTPA for steady state. 
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